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Abstract—An analytical expression for the “'law of the wall”, valid for the laminar, turbulent and
intermediate regions, is shown to permit the derivation of explicit relations connecting: the local
drag coefficient and the momentum-thickness Reynolds Number; the 1ocal drag coefficient and the
length Reynolds Number; and the overall drag coefficient and the length Reynolds Number. Agree-
ment is good with the Prandtl-Schlichting formula at high Reynolds Numbers and the Blasius solution
at low Reynolds numbers. An extension to flows with stream-wise pressure gradients is presented.

NOMENCLATURE .
local drag coefficient, row 7 of Table [;
overall drag coefficient, row 8 of Table
1;

a constant, taken as 9-025 in the present
report though 12:0 gives a better fit;
shape factor, row 9 of Table |;
a constant, taken as 0-4 in the present
report;
Prandtl number;
Stanton number;
f; (ug/v) dx;
local time mean velocity along the
surface;
value of u in main stream;
u/(rs/p)V'?;
function of ug* defined by equation
(11);
distance along the surface in stream
direction;
non-dimensional distance defined by
equation (2);
distance from wall;
non-dimensional distance defined in
row 1 of Table 1;
function of uwgt defined in row 5 of
Table 1;
displacement thickness,

f3e (1— ufug) dy;
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87, non-dimensional displacement thick-
ness, row 3 of Table 1;
8o, momentum thickness,

o6& (ufuc)(l — ufuc) dy;
8;,  non-dimensional momentum thickness,
row 4 of Table 1;
non-dimensional total viscosity (viotal/
Viaminar), Fow 2 of Table 1;
v, kinematic viscosity of fluid;
shear stress at wall;
density of fluid.

1. PURPOSE OF THE PRESENT NOTE
KESTIN and PeRSEN [1] have made an ingenious
use of the turbulent-boundary-layer heat-transfer
theory of the present author {2] to derive an
expression for the drag exerted by a turbulent
boundary layer on a flat plate. They compare
the drag so derived with experimental data,
suggesting that the comparison affords a test of
the heat-transfer theory; the predicted drag is
found to exceed the experimental drag by
approximately 10 per cent. The purpose of the
present note is to examine the source of this
discrepancy so as to establish whether it is due
to an inadequacy of the universal velocity profile
on which both theories are based, or to the
assumptions necessarily made in the Kestin—
Persen extension.
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In the course of this examination it will be
shown that the velocity profile can be used,
without further assumptions, to derive an
analytical expression for the drag law which
agrees well with the experimental data. A simple
modification enables the data for both laminar
and turbulent boundary layers to be fitted by
the same expression: no such fit has been
achieved in the transition region however.
Finally, the theory will be extended to the cal-
culation of drag on two-dimensional bodies for
which the free-stream velocity varies with
distance.

2, THE KESTIN-PERSEN THEORY

The heat-transfer theory of the present
author [2] rests on two main assumptions,
namely:

(i) all velocity profiles in a developing bound-
ary layer can be represented by a single “uni-
versal” function y*(ut) in the usual notation:
they are terminated by a “kink™ at the outer
edge of the boundary layer, such that: for
¥ > ye, 4 = uc. An analytical expression for the
function has been developed. _

(ii)) The thermal boundary layer is consider-
ably thinner than the velocity boundary layer;
this holds, for example, when the point on the
wall from which the thermal layer springs is far
downstream of the point of origin of the velocity
boundary layer. The assumption may be
expressed as a relation between Stanton number,
Prandtl number and drag coefficient as follows:

Nst Ner » c1/2. (1

The theory has led to the derivation of the
quantity Nst/(c/2)2 as a function of Npr and
x7, the latter being a non-dimensional distance
downstream of the point at which the thermal
layer starts, defined by:

Xt = |7 (ef2) Hufv) dx. (2)

Kestin and Persen [1] have evaluated the func-
tion numerically for a Prandtl number of unity.

In order to use the above function as a means
to the computation of the drag of a flat plate,
Kestin and Persen made an additional assump-
tion.
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(1i1) This was that the aforesaid functional
relationship remains valid even when condition
(1) 1s contravened, as it must be when the thermal
and velocity layers spring from the same point:
for, in this case, and with Np, = 1, the Reyrolds
analogy applies, viz.

Nst = ctf2. {(3)

Mathematical manipulation then yielded the
required expression for ¢; in terms of length
Reynolds number.

As has been mentioned already, the values of
¢r so obtained differ systematically from experi-
mental values. It is therefore necessary to
decide whether these differences are due to the in-
consistency bztween (ii) and (iii) or to errors
in (i). The latter assumption could be wrong
altogether; or the form assumed for y*(u*) could
be erroneous. We shall therefore now derive a
drag law using assumption (i) alone, and shall
compare it with experimental data.

3. ANALYTICAL EXPRESSIONS FOR BOUNDARY-
LAYER THICKNESSES, REYNOLDS NUMBERS
AND DRAG COEFFICIENTS

When the velocity distribution is given, the
momentum thickness 8, can be evaluated by
means of a quadrature.

When the velocity distribution is expressed in
terms of universal co-ordinates, the quadrature
yields a “local” drag law, i.e. a connection be-
tween the local drag coefficient ¢; and the local
Reynolds Number based on momentum thick-
ness, ug S,/v. where ug is the velocity of the main
stream and v is the kinematic viscosity.

If uc is independent of distance x from the
leading edge, as is true for the flat plate, inser-
tion of the local drag law into the von Karman
momentum-integral equation, followed by
integration, leads to a relation bztween ¢y and
the Reynolds number based on length, ug x/v.
A further integration yields values of ¢. the
overall drag coefficient.

Now the author’s heat-transfer theory [2] is
based on the assumption that the relation
bztween the non-dimensional distance y*~ and
the non-dimensional velocity u* has the form
represented by the first line of Table 1 [3], where
K and E are constants. This relation, as well as
being in rather satisfactory agreement with the
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that the quantity on the right-hand side of (13)
or (14} is put in the place of the length Reynolds
number,

Of course this theory is still based on the
assumed existence of a universal velocity profile
at all stations along the surface. Its validity is
therefore restricted to boundary layers for which
the pressure gradient is nowhere so steep as to
cause changes in velocity profile of the kind
which, in extreme cases, leads to boundary-
layer separation.
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Résumé—Une expression analytique de la condition de paroi valable pour les régions laminaire,

turbulente et de transition permet d’expliciter des relations entre le coefficient de trainée local et le

nombre de Reynolds lié a épaisseur de quantité de mouvement; le coefficient de trainée local et le

nombre de Reynolds li¢ 4 la distance; et le coefficient de trainée global et le nombre de Reynolds relatif

A la distance. L’accord est bon avec la formule de Prandtl-Schlichting pour les nombres de Reynolds

élevés et la solution de Blasius pour les bas nombres de Reynolds, L’étude est étendue aux écoulements
avec gradient de pression.

Zusammenfassung—Es wird gezeigt, dass fiir das “Wandgesetz” ein analytischer Ausdruck fir den
Laminar-, den Turbulenz- und den Zwischenbereich giiltig ist, der die Ableitung expliziter
Beziechungen erlaubt zwischen: dem ortlichen Schleppwiderstandsbeiwert und der mit der hydro-
dynamischen Grenzschichtdicke gebildeten Reynoldszahl; dem 6rtlichen Schleppwiderstandsbeiwert
und der mit der Linge gebildeten Reynoldszahl; dem Gesamtscialeppwiderstandsbeiwert und der
mit der Linge gebildeten Reynoldszahl. Bei grossen Reynoldszahlen ist die Ubereinstimmung gut
mit der Prandtl-Schiichting-Formel, bei kleinen Reynoldszahlen mit der Blasiusldsung. Eine
Erweiterung auf Stromungen mit Druckabfall in Stromrichtung ist angegeben.

Annoranus—ITorasaHo, 4T0 aHATHTHYECKOE BHIPaKeHHE KA MHACTHHLI, HPUMEHNMOe 1A
TYypOYIeHTHOTO, TAMUHAPHOIO M NMPOMEMKYTOUHOro PEHUMOB, OBBOMAST BHIBECTH {IPOCTHIC

COOTHOUIEHUA, CBA3BIBAlOLIUE:

310 KAJTBH LLI

KOO(QOULIUEHT CONPOTHBAEHUA I  HHCIO

Pefinonpaca aasa TONIMUE NOTEPH MMIYJIIECA; JTOKATHHBIE KOIQPUIHERT CONPOTUR/IEHUS K
yneao Peltnonsaca mnA aoaaHsbl; o0mult koadduiuent conporusnenna 1 uncigo PeitHoapica
A RIHb. PeayabraTe Xopouwo cornacymorca ¢ dopmynoit Ipawpriya-Illanxtnara mpu
GonpIINX BHAYEHMAX 4ncer Peitroabica u ¢ pewrenytem Biasnyca nmpu Bx MaibIX 3HAYEHUAX.
[TokasaHO npuMeHeHHe BHPAMEHNA 1A TeueHHil ¢ TPOJUILHEIM I'PAJHERTOM JABJIeH il
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Tvble 2. Quantities evaluated from the fornulae of Table 1, with K = (-4, E = 9025

Cr(logye ug x/v)***

g™ 8+ 8y * Hiy ug 8,/v uG x/v cr/2 ¢t/ 0455
3.5 1-7510 0-5841 29979 2:0443 1-2529(1) 0-08163 01632 09129
40 2-0021 0-6682 2-9963 26727 2:1406(1) 0-0625 0-1249 1-1470
45 2:2539 0-7528 29940 3-3876 3-4365(1) 0-04938 0-09858 13116
50 2-5068 0-8383 2:9905 4-1913 5-2551(1) 0-04 0-07976 1-4218
60 3-0182 1-0132 2-9787 6-0794 1-1018(2) 0-02777 0-05518 1-5304
75 3-8123 1-2957 29423 97175 2:7844(2) 0-01777 0-03490 1-5398
9.0 46756 1-6298 2-3689 1-4668(1) 6-1960(2) 0-01235 0-2367 1-4714

100 5-3250 1-9079 27910 1-9079(1) 1-0199(3) 0-01 0-01871 1-4101

12:0 69789 27344 25523 3-2813(1) 2-7176(3) 0-006944 0-01207 12798

140 9-6118 4-3151 2:2275 6-0411(1) 7-4804(3) 0-005102 0-008076  1-1685

160 14421(1) 7-5975 1-8981 1-2156(2) 2-1509(4) 0-003906 0-005652  1-0915

180 2:3925(1) 1-4607(1) 1-6380 2:6252(2) 6-3080(4) 0-003086 0-004168  1-0484

200 4-3391(1) 2-9527(1) 1-4696 5:9053(2) 1-8401(5) 0-0025 0-003209  1-0246

220 8-3807(1) &1773(1) 1-3567 1-3590(3) 5-2663(5) 0-002066 0-002581 1-0214

240 1-6813(2) 1-3022(2) 1-2912 3-1252(3) 1-4727(6) 0001736 0002122 1-0194

260 3-4439(2) 2:7560(2) 12496 7-1655(3) 4-0267(6) 4001479 0-001779 1-0197

28-0 7-1340(2) 5-8400(2) 1-2218 1-6352(4) 1-0794(7) 0-001276 0-001515 1-0211

300 1-4872(3} 1-2381(3) 12012 3:7143(4) 2-8451(7) 0-001111 0001306 10227

32:0 3-1131(3) 2-6268(3) 11851 8:4057(4) 73938(7) 0-000977 0-001137  1-0238

34-0 6-5371(3) 5:5774(3) 141721 1-8963(5) 1-8988(8) 0-000865 0-000999 1-0254

360 1-3764(4) 1-1856(4) 1-1609 4-2682(5) 4-8273(8) 0-000772 0-000884  1-0264

380 2:9054(4) 2:5237(4) 11512 9-5901(5) 1-2167(9) 0-000693 0-000788 1-0281

40-0 6-1471(4) 5-3798(4) 1-1427 2-1519(6) 3-0438(9) 0-000625 0-000707  1-0304

(i) The numbers in brackets indicate the power of 10 by which the preceding number should be multiplied.
(if) When ug is not uniform, ug x/v should be replaced by z, as explained in Section 5 of this report. The Zt/2 column should not then be

used.

amended Table 1 expressions may be accepted
as giving rather accurately the highest possible
drag, which will be achieved in practice when-
ever tripping devices are present to cause transi-
tion to turbulence at the lowest possible ug x/v.

5. EXTENSION TO FLOWS WITH PRESSURE
GRADIENTS
The opportunity will also be taken to apply
the theory to flows in which the stream velocity
is not uniform. The momentum integral equa-
tion for a two-dimensional flow is:

ds, 8 dug o

On rearrangement so as to have a function of
ug™ as the dependent variable, this becomes:

dz 1 dug
— W =
dR ' ug dR

L

1 (10)

where z(ug™) is defined in column 5 of Table 2

(e ?(ue S5/v) + (ue 8,/v)]
2.(1 — 1/Kug*)
T ke + Gkae e (1D

wlugty =

as ugt becomes large,
R = % (ugfv) dx (12)

and assumption (i) of Section 2 has been invoked.
The solution of (10) may be written formally as:

z=exp { — [ (Wug) duc}
X [Zexp { [ (Wue)duc} dR  (13)

Since ¢ is related to z via rows 5 and 7 of
Table 1, this equation is the solution to our
problem. Actually, w is not quite independent
of ug* or z, so iteration is required; however
the dependence is very weak, leading to rapid
convergence. It is particularly convenient to
take w as a constant; then (13) reduces to:

Z = ug™¥ {* (ug®*fv) dx (14)

If the Reynolds number is high, (10} shows that
w tends to the value 2; a better approximation
1s:

wa 2(1 + 3/Kuct) (15)

so that, with ug® = 15 for example, w & 3.
The method of applying the solution to the

calculation of the local drag coefficient when

ug varies with x can now be expressed as follows:
¢t may be obtained from Table 2 provided
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that the quantity on the right-hand side of (13)
or (14) is put in the place of the length Reynolds
number.

Of course this theory is still based on the
assumed existence of a universal velocity profile
at all stations along the surface. Its validity is
therefore restricted to boundary layers for which
the pressure gradient is nowhere so steep as to
cause changes in velocity profile of the kind
which, in extreme cases, leads to boundary-
layer separation.
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Résumé—Une expression analytique de la condition de paroi valable pour les régions laminaire,

turbulente et de transition permet d’expliciter des relations entre le coefficient de trainée local et le

nombre de Reynolds lié & Pépaisseur de quantité de mouvement; le coefficient de trainée local et le

nombre de Reynolds lié 4 la distance;; et le coefficient de trainée global et le nombre de Reynolds relatif

a la distance. L’accord est bon avec la formule de Prandtl-Schlichting pour les nombres de Reynolds

élevés et la solution de Blasius pour les bas nombres de Reynolds. L’étude est étendue aux écoulements
avec gradient de pression.

Zusammenfassung—Es wird gezeigt, dass fiir das “Wandgesetz” ein analytischer Ausdruck fiir den
Laminar-, den Turbulenz- und den Zwischenbereich giiltig ist, der die Ableitung expliziter
Bezichungen erlaubt zwischen: dem ortlichen Schleppwiderstandsbeiwert und der mit der hydro-
dynamischen Grenzschichtdicke gebildeten Reynoldszahl; dem ortlichen Schleppwiderstandsbeiwert
und der mit der Linge gebildeten Reynoldszahl; dem Gesamtscaleppwiderstandsbeiwert und der
mit der Linge gebildeten Reynoldszahl. Bei grossen Reynoldszahlen ist die Ubereinstimmung gut
mit der Prandtl-Schlichting-Formel, bei kleinen Reynoldszahlen mit der Blasiusldsung. Eine
Erweiterung auf Strémungen mit Druckabfall in Stromrichtung ist angegeben.

Angoramua—IlokasaHo, 9TO AHAMUTUYECKOE BBLIPAHEHUE JJIA TIACTUHB, IPUMEHNMOe K15
TypOYNEHTHOrO, TAMMHAPHOT0 U MPOMEYTOUHOTO PEHUMOB, II03BOIAET BHIBECTH 11O CTHIC
COOTHOIIEHMs, CBASHBAWIIME: JOKATBHLUI KOA)PUIMEHT CONPOTHURIEHUA 1 YMCILO
Pelinonpica A TONIUHL NOTEPU UMIYJIbCA; JOKAILHEBIA Roa(uiuent CONPOTHRICHUA H
upcao Pelimonsaca Ans AAMEb; 060Ut KosGPuIIeRT cOnpoTHBIeHAA M unc.ao PeitHoapica
anA mmusl. Pesynvrate xopomo cormacyiorea ¢ gopmyaott Ilpamaras-lllanxrtunra npr
GonbImUX 3HAYEHUAX urcen PeliHonbaca 1 ¢ peilleneM Duaszuyca npu UX MAJIHX 3HAUEHUAN.
[ToxaszaHo MplMeHeHe BRPAMKEHWA I TeyeHWt ¢ NPORONLHBIM IPaeHTOM JaB IeH il



